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O ■ 1. Introduction 



Development of the theory of integration for measures /i with the values in 

Dedekind complete Riesz spaces has inspired the study of (6o)-complete lattice- 

normed spaces I/^(/i) (see, for example, |I], 6.1.8). Note that, if the measure /i 

satisfies the Maharam property, then the spaces LP{fi) are Banach-Kantorovich. 

00 i The existence of center-valued traces on finite von Neumann algebras natu- 

QO '■ rally leads to a study of the integration for traces with the values in a complex 

Dedekind complete Riesz space Fc = F (B iF. For commutative von Neumann 

^ ■ algebras, the development of Fc-valued integration is a part of the study of the 

Q ■ properties of order continuous positive maps of Riesz spaces, for which we refer 

to the treatise by A.G. Kusraev p. The operators possessing the Maharam 

k> ; property provide important examples of such mappings, while the L^-spaces 

H ; associated with such operators are non-trivial examples of Banach-Kantorovich 

Riesz spaces. 

Let M be a non-commutative von Neumann algebra, Fc a von Neumann 
subalgebra in the center of M, and let $ : M — > Fc be a trace such that 
^{zx) = z^{x) for all z G Fc, x G M. Then the non-commutative L^-space 
LP{M,^) is a Banach-Kantorovich space [I2j, [|3j, and the trace $ satisfies the 
Maharam property, that is, if < 2; < ^{x), z G Fc, < x G M, then there 
exists < y < X such that ^(y) = z (compare with [1], 3.4.1). 

In [|4j, a faithful normal trace $ on M with the values in an arbitrary com- 
plex Dedekind complete Riesz space was considered. In particular, a complete 
description of such traces in the case when $ is a Maharam trace was given. 
In the same paper, utilizing the locally measure topology on the algebra S{M) 
of all measurable operators affiliated with M, the Banach-Kantorovich space 
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L^{M, $) C S{M) was constructed and a version of Radon-Nikodym-type the- 
orem for Maharam traces was established. 

In the present article, we define a new class of Banach-Kantorovich spaces, 
non-commutative L^-spaces Lp{M, $) associated with a Maharam trace; also, 
we give a description of their dual spaces. We use the terminology and results 
of the theory of von Neumann algebras (jSj, |6]), the theory of measurable 
operators (jTj, jB]), and of the theory of Dedekind complete Riesz space and 
Banach-Kantorovich spaces (P). 

2. Preliminaries 

Let X be a vector space over the field C of complex numbers, and let F be a 
Riesz space. A mapping || • || : X — > F is said to be a vector (F- valued) norm 
if it satisfies the following axioms: 

(1) \\x\\ > 0, ||x|| = ^ X = (x e X)] 

(2) ||Ax|| = |A| ||x|| (AgC, xeX); 

(3) ||a: + ?/|| < ||2:|| + II2/II {x,y G X). 

A norm || • || is called decomposable if the following property holds: 

Property 1. ///i,/2 > and \\x\\ = /i + /2, then there exist xi,X2 G X such 
that x = xi + a:2 and \\xk\\ = fk (k = 1, 2). 

If property [U is valid only for disjoint elements /i, /2 G F, the norm is called 
disjointly decomposable or, briefly, d-decomposable. 

The pair (X, || • ||) is called a lattice-normed space (shortly, LNS). If the norm 
II • II is decomposable (d-decomposable), then so is the space {X, \\ ■ ||). 

A net {xa}a£A C X {bo)- converges to a: G X if the net {\\xa — x\\}aeA (o)- 
converges to zero in the Riesz space F. A net {xa}aeA is said to be a {bo)- 
Cauchy net if sup \\xa — 3:^|| i 0. An LNS is called {bo)- complete if any 

a,/3>7 

(6o)-Cauchy net (6o)-converges. A Banach-Kantorovich space (shortly, BKS) 
is a d-decomposable (6o)-complete LNS. It is well known that every BKS is a 
decomposable LNS. 

Let F be a Dedekind complete Riesz space, and let Fc = F © zF be the 
complexification of F If 2; = a + ^/3 G Fc, a^l3 G F, then z := a — if3, and 
\z\ := sup{Re{e'^z) : < ^ < 27r} (see[ilj, 1.3.13). 

Let {X, II • \\x) be the BKS over F A linear operator T : X — > Fc is said to 
be F-bounded if there exists < c G F such that |F(a:)| < c||a:||x for all x G X. 
For any F-bounded operator T, define the element ||r|| = sup{|r(x)| : a: G X, 
\\x\\x < ^f}, which is called the abstract F-norm of the operator T (|Ij, 4.1.3). 
It is known that \T{x)\ < \\T\\ \\x\\x for all x G X ([Ij, 4.1.1). 
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The set X* of all F-bounded linear mappings from X into Fc is called the 
F-dual space to the BKS X. For r,^ G X*, we set (T + S){x) = Tx + Sx, 
{XT){x) = XTx, where x G X, A G C. It is clear that X* is a linear space with 
respect to the introduced algebraic operations. Moreover, {X*, \\ ■ ||) is a BKS 
(111,4.2.6). 

Let H he a Hilbert space, let B{H) be the *-algebra of all bounded linear 
operators on iif , and let 1 be the identity operator on H. Given a von Neumann 
algebra M acting on iif, denote by Z{M) the center of M and by P{M) the 
lattice of all projections in M. Let Pfin{M) be the set of all finite projections 
in M. 

A densely-defined closed linear operator x (possibly unbounded) affiliated 
with M is said to be measurable if there exists a sequence {pn\^=i C P{M) 
such that pn t 1, Pn{H) C X'(x) and Pn = '^ ~ Pn ^ Pfin{M) for every 
n = 1, 2, . . . (here 1){x) is the domain of x). Let us denote by S{M) the set of 
all measurable operators. 

Let x, y be measurable operators. Then x + y, xy and x* are densely-defined 
and preclosed. Moreover, the closures x + y (strong sum), xy (strong product) 
and X* are also measurable, and S{M) is a *-algebra with respect to the strong 
sum, strong product, and the adjoint operation (see [7]). For any subset E C 
S{M) we denote by Eh (resp. E+ ) the set of all self-adjoint (resp. positive ) 
operators from E. 

For X G S{M) let x = u\x\ be the polar decomposition, where |a:| = (a:*a:)2, u 
is a partial isometry in B{H). Then u ^ M and |a:| G S{M). If a: G Sh{M) and 
{Ex{x)} are the spectral projections of x, then {Ex{x)} C P{M). 

Let M be a commutative von Neumann algebra. Then M is *-isomorphic to 
the *-algebra L°°{Q, S,/i) of all essentially bounded complex measurable func- 
tions with the identification almost everywhere, where (H, E, /i) is a measurable 
space. In addition S{M) = L^(n,E,/i), where L^(n,E,/i) is the *-algebra of 
all complex measurable functions with the identification almost everywhere [7] . 

The locally measure topology t{M) on L^(n,E,/i) is by definition the linear 
(Hausdorff ) topology whose fundamental system of neighborhoods of is given 
by 

W{B, e, 6) = {f E L^(Q, E, /i) : there exists a set E E S, such that 

ECB, fi{B \E)^6, fxE e L°°(n, E, /i), WfxEh^in,^,,) ^ 4- 

Here e, 6 run over all strictly positive numbers and B E H, f^iB) < oo. It is 
known that {S{M),t{M)) is a complete topological *-algebra. 

It is clear that zero neighborhoods W{B, e, 6) are closed and have the following 
property: if / G W{B,£,6), g E L'^{n,J:, ii),\\g\\Loo{n,j:,f,) < 1, then gf E 
W{B,e,6). 
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A net {fa} converges locally in measure to / (notation: fa — > f) if and 
only if faXB converges in /i-measure to fxs for each B G H with /i(5) < oo. 
If M is cr-finite then there exists a faithful finite normal trace r on M. In this 
case, the topology t{M) is metrizable, and convergence /„ — > f is equivalent 
to convergence in trace r of the sequence /„ to /. 

Let now M be an arbitrary finite von Neumann algebra, ^m '■ M — > Z{M) 
be a center-valued trace on M ([5j, 7.11). Let Z{M) ^ L°°(Q,S,/i). The 
locally measure topology t{M) on S{M) is the linear (Hausdorff) topology 
whose fundamental system of neighborhoods of is given by 

V{B, e, 6) = {xe S{M) : there exists p G P{M), z G P{Z{M)) 

such that xp G M, ||x]3||m ^ e, z"^ G W{B,£,5), <1>m(^J3"^) ^ £z}, 

where || • ||m is the C*-norm in M. It is known that {S{M)^t{M)) is a complete 
topological *-algebra Pj. 
From (IB], §3.5) we have the following criterion for convergence in the topology 

t{M). 

Proposition 2.1. A net {xa}aeA C S{M) converges to zero in the topology 
t{M) if and only if ^M{Ej^{\xa\) — > for any A > 0. 



Let M be an arbitrary von Neumann algebra, and let F be a Dedekind com- 
plete Riesz space. An Fc-valued trace on the von Neumann algebra M is a 
linear mapping $ : M — > Fc with ^{x*x) = ^{xx*) > for all x G M. It is 
clear that $(M/,) C F, $(M+) C F+ = {a e F : a > 0}. A trace $ is said to 
be faithful if the equality $(a;*x) = implies x = 0, normal if $(xq,) t" ^{x) for 
every Xq,, x G Mh, Xa t ^^ 

If M is a finite von Neumann algebra, then its canonical center-valued trace 
$Af : M — > Z{M) is an example of a Z(M)-valued faithful normal trace. 

Let us list some properties of the trace $ : M — > Fc- 

Proposition 2.2. ([A\) (i) Letx,y,a,be M. Then 

^{x*) = $(a:), ^{xy) = ^{yx), $(|3:*|) = ^(|3:|), 

\^{axb)\ < \\a\\M\\b\\M'^{\x\); 

{ii) If ^ is a faithful trace, then M is finite; 

{Hi) If Xn:X G M and \\xn — x\\m — ^ 0, then \^{xn) — ^{x)\ relative uniform 
converges to zero; 

(iv) ^{\x + y\) < ^{\x\) + ^{\y\) for all x,y e M. 

The trace $ : M — > Fc possesses the Maharam property if for any x G 
M+, < / < $(a:), f e F, there exists y G M+, y < x such that ^{y) = /. 
A faithful normal Fc-valued trace $ with the Maharam property is called a 
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Maharam trace (compare with [1], III, 3.4.1). Obviously, any faithful finite 
numerical trace on M is a C-valued Maharam trace. 

Let us give another examples of Maharam traces. Let M be a finite von 
Neumann algebra, let jz/ be a von Neumann subalgebra in Z(M), and let T : 
Z{M) — > =$?/ be an injective linear positive normal operator. If / G S{£/) is a 
reversible positive element, then ^(T,f){x) = fT(^M{x)) is an S'(j2/)-valued 
faithful normal trace on M. In addition, if T{ab) = aT{b) for all a G js/, b G 
Z{M), then $(r, /) is a Maharam trace on M. 

If r is a faithful normal finite numerical trace on M and dim(Z(M)) > 1, then 
$(a:) = r{x)l is a Z(M)-valued faithful normal trace, which does not possess 
the Maharam property (see [i4j). 

Let F have a weak order unit 1^^. Denote by B{F) the complete Boolean 
algebra of unitary elements with respect to 1^^, and let Q be the Stone compact 
space of the Boolean algebra B{F). Let Coo{Q) be the Dedekind complete Riesz 
space of all continuous functions a : Q ^ [— oo, +cxd] such that a~^({=tcxD}) is a 
nowhere dense subset of Q. We identify F with the order-dense ideal in Coo{Q) 
containing algebra C{Q) of all continuous real functions on Q. In addition, Ip 
is identified with the function equal to 1 identically on Q (|T], 1.4.4). 

We need the following theorem from [4] . 

Theorem 2.3. Let $ be an Fc-valued Maharam trace on a von Neumann 
algebra M. Then there exists a von Neumann subalgebra s^ in Z(M), a *- 
isomorphism i/j from s^ onto the ^-algebra C{Q)c^ a positive linear normal 
operator S' from Z{M) onto s^ with <^(1) = 1, ^^ = <^, such that 

1) $(x) = $(1)^(^($m(2:))) for all x E M; 

2) ^zy) = ^{zc^{y)) for all z,y E Z{M); 

3) ^{zy) = ilj{z)^{y) for all z E £/, y E M. 

Due to Theorem 12.31 the *-algebra ^ = C{Q)c is a commutative von Neu- 
mann algebra, and *-algebra Coo{Q)c is identified with the *-algebra S{3§). 
It is clear that the *-isomorphism ^p from j^ onto ^ can be extended to a 
*-isomorphism from S{^) onto S{3S). We denote this mapping also by ?/'. 

Let $ be a 5'(=^)-valued Maharam trace on a von Neumann algebra M. A net 
{xa\ C S{M) converges to a: G S{M) with respect to the trace $ (notation: 

Xc, A x) if ^{Ej^{\xa - x\)) ^ for all A > 0. 



Proposition 2.4. ([^) Xa — > x iff Xa — 4 x. 
An operator x E S{M) is said to be ^-integrable if there exists a sequence 

r T 71 ^ "J" 111 II ^(^} 

{Xnj C M such that x„ — > x and ||x„ — Xm\\^ ^-^ as n, m — > oo. 
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Let X be a $-integrable operator from S{M). Then there exists a $(a:) G S{^) 

such that ^{xn) — -> ^{x). In addition $(x) does not depend on the choice of 

a sequence {x^} C M, for which x„ — > x, $(|a:„ — x^l) — ^ [4]. It is clear 
that each operator x G M is $-integrable and $(x) = $(x). 

Denote by L^(M, <l>) the set of aU $-integrable operators from S{M). If x G 
S{M) then x G Li(M,$) iff |x| G Li(M,$), in addition |$(x)| < $(|x|) 0]. 
For any x G L^(M, $), set ||x||i,$ = <I>(|x|). It is known that L^{M,^) is a 
linear subspace of 5(M), ML\M, $)M C L\M, $), and x* G L\M, $) for all 
X G L^(M, $) [Ij. Moreover, the following theorem is true. 

Theorem 2.5. ([4]) (i) (L^(M, $), || • ||i^$) is a Banach-Kantorovich space; 
{ii) S{£/)L^{M,^) C L\M,^), m addition 8(zx) = '0(z)8(x) for all z G 

3. Lp-SPACES ASSOCIATED WITH A MAHARAM TRACE 

Let ^ be a commutative von Neumann algebra, which is *-isomorphic to a 
von Neumann subalgebra s^ in Z{M\ and let $ : M — > 5'(^) be a Maharam 
trace on M (see Theorem [23j) • For any J9 > 1, set U{M,^) = {x G S{M) : 
\x\P G L\M,^)} and ||x||p,<i> = ^{\x\p)p. It is clear that M c Lp(M,$). 

Let e be a nonzero projection in ^, and put $e(<^) = *^(a)e, a G M. A 
mapping ^^ '■ M ^ S{3§e) is a normal (not necessarily faithful) 5'(^e)-valued 
trace on M. Denote by s($e) := 1 — sup{j9 G P{M) : ^e{p) = 0} the support 
of the trace $e- It is clear that s($e) G P{Z{M)) and $e(a) = $(as($e)) is a 
faithful normal *S'(^e)-valued trace on Ms{^e) (compare [i5j, 5.15). Moreover 
$6 possesses the Maharam property. 

If e and g are orthogonal nonzero projections in P(^), then $g(s(<l>e)) = 
$(s($e))5' = ^e(l)5' = ^(1)65' = 0, i.e. s{^e)s{^g) = 0. Let {e,},^/ be a family 
of nonzero mutually orthogonal projections in P{3S) with supe^ = 1.^, where 

1^ is the unit of the algebra ^. If z = 1 — sup s($ej then ^{z)ei = *^e,('2) = 

for all z G /. Therefore ^{z) = 0, i.e. z = 0, or sups($ej = 1- 

Further, we need the following 

Proposition 3.1. Let x G S{M) and let {ei\i^i he the family of nonzero mu- 
tually orthogonal projections in P{3S) with supj^je^ = l,g§. Then x G Lp{M, ^) 
if and only if xs{^e) £ LP{Ms{^e.),^e^) for all i G L In addition \\x\\p^q>ei = 

\\xs{^eMp,<i>e,- 

Proof Let x G Lp{M,^), an = £"^(1x1^)1x1^ where £'„(|xp) is the spectral pro- 
jection of \x\P corresponding to the interval (— oo, n]. It is clear that an — > \x\p 
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and $(|a^ — a^l) — > as n,m -^ oo. Hence, ans{^e,) — ^ |a:|^s($e.) (see 
Proposition 12^). In addition, from the inequality ^e^{\cl'ns{^e^) — cims{^e^)\) = 

t(3§e) 

$(|a„ - a^|s($ej) < ^i\an - a™!), we have $e,(|ans($ej - ams($ej| — > 0. 
This means that |xs($ej|^ = kl^s(^ej G Li(Ms($eJ, ^ej and ||xs($ej||p,$,^ = 

Conversely, let xs($ej G L^(Ms($eJ, $ej for all i G /. Set a„^j = 
^„(|xs($ej|^)|a:s($ej|^- It is clear that an,^ t \xs{^e,)\^ = |a^ps(^ej as n ^ oo 

for any hxed z G /. Therefore a.^,, — > |x|^s($ej, ^eA|an,z - aTO,i|) — > 
as n,m ^ oo. Since < ^{y^tamjy^a~) = $(a^,ja^j) < ||amj||M^(an,*) = 
||amjlU/*I*(an,*)ei and $(a„^,^a^j) < ||an,^||M^(amJ)ej, we have $(an,^amJ) = 0. 
Hence, an^^am^^ = for all n,m, i^ j. Since < an,t < ^s($ej, s($ejs($e,) = 
0, i 7^ j, there is an x„ G M+ such that a:„s($ej = a„,i. Using the equality 

sups($ej = 1, we obtain Xn — > \x\p ([10]), moreover ^{\xn — Xm\) —-4 0. 
Therefore X G i7(M,$). D 

Similar to in the case of the space L^{M, $), the subset U'{M^ $) is invariant 
with respect to the action of involution in S{M). The following proposition is 
devoted to this fact. 

Proposition 3.2. If x e Lp{M,^), then x* G Lp{M,^) and \\x\\p^^ = ||x*||p,$. 

Proof. Let x = u\x\ be the polar decomposition of x. Since an algebra M has 
a finite type, we can suppose that w is a unitary operator in M. For each 
y G S{M), we set U{y) = uyu*. Then the mapping U : S{M) -^ S{M) is a 
*-isomorphism, and therefore U{(p{y)) = (f{U{y)) for any continuous function 

if : [0,+oo) -^ [0,+oo) and y G S+{M) [10]. If ip{t) = fP, p > I, t > 0, and 
y G S+{M) then uyPu* = {uyu*Y. In particular, we obtain the equality \x*\p = 
w|x|^w*. Hence, x* G L^(M, $). Moreover ||x*||p,$ = $(|x*|^)p = $(w|x|^w*)p = 
$(|a:|^)p = ||a:||p,$. D 

Now we need a version of the Holder inequality for Maharam traces. In the 
proof of this inequality for numerical traces, properties of decreasing rearrange- 
ments of integrable operators are used [11]. For Maharam traces such theory of 
decreasing rearrangements does not exact. Therefore we use another approach 
connected with the concept of a bitrace on a C*-algebra. 

Let cTK be a C*-algebra. A function s : jV x jV — )► C is called a bitrace on 
jV (P^J, 6.2.1) if the following relations hold: 

[i) s{x^ y) is positively defined sesquilinear Hermitian form on .yT; 

{ii) s(a:, y) = s(x*, y*) for all x, ?/ G J^] 

{in) s{zx^y) = s{x,z*y) for all x^y^z ^ ^; 
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{iv) for any z G ./K, the mapping x ^ zx is continuous on (./K, || • ||s) where 
ll^lls = ^ys{x,x), X G c/K; 

(v) the set {xy : x,y ^ jy} is dense in (c/K, || • ||s). 

If o/K has a unit, then condition [y) holds automatically. 

Let us list examples of bitraces associated with the Maharam trace. 

Let M be a von Neumann algebra, let $ : M — > S{3S) be a Maharam trace 
and let Q = Q{P{^)) be the Stone compact space of the Boolean algebra P{3§). 
We claim that s($(l)) = 1^. If it is not the case, then e = 1^ — s($(l)) ^ and 
z = ^/^^^(e) 7^ where ?/; is a *-isomorphism from Theorem 12.31 By Theorem 
I2.5( u). we have $(z) = e$(l) = 0, which contradicts to the faithfulness of 
the trace $. Thus, s($(l)) = 1^, and therefore the following elements are 
defined: ($(1))"^ G S^{3S) and ($(l))-i$(x) G C{Q) where x e M. For any 
t E Q, set (/^t(a:) = ($(l)^^$(x))(t). It is clear that tpt is a finite numerical 
trace on M. The function St{x^y) = (ptiu'^x) = (pt{xy*) is a bitrace on M. In 
fact, the conditions {i) — {in) are obvious, {iv) follows from the inequality 

\\zx\\s^ = y/(ft{{zx)*{zx)) = ^J Lpt{x'' Z* ZX) < \\z\\m\\x\\s,. 

Let s{x,y) be an arbitrary bitrace on a von Neumann algebra M. Set 
N, = {x e M : s{x,x) = 0}. It follows from (P], 6.2.2) that N^ is a self- 
adjoint two-sided ideal in M. We consider the factor-space M/Ns with the 
scalar product ([a:],[2/])s = s{x,y) where [x],[?/] are the equivalence classes 
from M/Ng with representatives x and ?/, respectively. Denote by (i7s,(-,-)s) 
the Hilbert space which is the completion of (M/A^g, (•, •)s). By the formula 
7rs{x){[y]) = [xy], x,y G M, one defines a *-homomorphism tt^ : M — > B{Hs). 
In addition 7Ts{1m) = ^b{Hs)- 

Denote by Us{M) the von Neumann subalgebra in B{Hs) generated by op- 
erators 7rs{x), i.e. Us{M) is the closure of the *-subalgebra Trs{M) in B{Hs) 
with respect to the weak operator topology. According to ([ll3j, s. 85-88), 
there exists a faithful normal semifinite numerical trace Tg on (t/s(M))_|_ such 
that Ts{t({x'^)) = ([a:^], [a:]) = s{x,x) for all x G M+. If (^ is a trace on M 
and s{x,y) = Lp{y*x) then rs(7rs(x^)) = ^{x'^) for all x G M+. This means 
that Ts{'Ks{x)) = 'y^(a:) for any x G M^^. In addition, if (p{1m) < oo, then 
Ts{'^B{Hs)) < cxD. Consequently, Tg is a faithful normal finite trace on Us{M). 

Theorem 3.3. Let ^ be a S{^) -valued Maharam trace on the von Neumann 



p q 
L^{M,^) and \\xy\\i^<^ < \\x\\p^<^\\y\\q^c^. 



algebra M, p,q > 1, ^ + ^ = 1. If x e Lp{M,^), y G L'?(M,$), then xy G 



Proof . We consider the bitrace St{x,y) = (pt{y*x) on M where <^t{x) = 
(($(l))"^$(x))(t), t G Q{P{3§)). Denote by n a faithful normal finite trace 
on {Us^{M))j^ such that Tt{7(st{x)) = ^t{x) for all x G M+. Since the trace 
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Tt is finite, rt{7TsXx) = ^t{x) for any x ^ M. Let LP{UsXM),Tt) be the non- 
commutative i7-space associated with the numerical trace r^. It follows from 
in] that 

hsA^)^st{y)hn < hsA^)\\p,nhsM\\q,n^ 

i.e. 

r,(K(x^)|) < r,(K(x)nir,(|7r,,(^)|'^)i 

Since 7r,,(|x|) = |7r,,(x)|, x G M, we get Tr^^dxp) = (7r,,(|x|)f ([E], 1.5.3). 
Thus, 

i.e. (pt{\xy\) < (pt{\x\P)pipt{\y\'^)^, or 
for all t e Q{P{3S)). This means that 

{^{i))-'^\xy\) < [{{^i))-'^\xmH(m^)r'H\ym'- 

Multiplying this inequality by *1>(1), we get ||x?/||i^$ < ||x||p^$||?/||q^$. 

Let now x G LP_^{M,^), y G Ll{M,^). We claim that xy G L\M,^). Set 
an = En{x)x, bn = En{y)y. We have an,bn G M+ and a„ t x, 6„ t ?/, in 

particular, a„ — > x, 6„ — > y. Hence, a„6n G M and a„6„ — > xy. In addition, 

ll^'nC'n CLmOm\\l,^ ^ HCinC'n Q^n^m || 1,$ i ||Q!'nC'm Q'mC'm ||l,$ S HO^ri ||p,$ || 0?^ 0^7^11^^$ + 

\\an - am\\pM\^rn\\q,<^- Slucc ||an||p,$ < \\x\\p^<^, ||6m||g,$ < ||?/||q,$, and for n> m, 
lla^-a^ll^,, = ^xPEn{x)Ei{x)) ^ 0, ||6.-6^||^,^ = Hy'^ E^iy) Ei{y)) ^ 0, 

we get llfln^n — CLmbm\\i,<i> —^ as 71, m — > oo. This means that xy G i^"^(M, $) 
and llfln^n — 3:?/||i^$ — -> 0. The inequality |||x?/||i^$ — ||an&n||i,$| < \\xy — anbn\\i,^ 

■ V II A II '^(^^ II II Q- 

implies ||anOn||i,$ ^-^ |F^||i,$- omce 

II , II ^ , II t_m 

we obtain ||a;?/||i^$ < ||x||p^$||?/||g^$. 

If X G LP{M,^) is arbitrary, y G L'^_^{M,^) and x = u\x\ is the polar de- 
composition of X with the unitary u G M, then x?/ = w(|a:|?/) G L^{M, $) and 

||a:2/||i,$ = ||k|2/||i,$ < ||a:||p,$||2/||g,$. 

Let now x G Lp{M, ^), y E L'^{M, $) be arbitrary and let y* = "yl?/*! be the 
polar decomposition of y* with the unitary v G M. According to Proposition 

K2\ |?/*| G L«(M,$) and ||2/*||g,co = ||?/||g,$. Therefore x?/ = (x|?/*|)v* G Li(M,$) 
and 

||a:?/||i,$ = ||x|/|||i,$ < ||x||p,$|||?/*|||^,$ = ||x||p,$||?/||q,$. 

D 
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Theorem 3.4. Let $,M,j9, and q be the same as in Theorem \3.Sl If x E 
S{M), xy e L^{M,^) for all y G L'i{M,^) and the set D{x) = {\^{xy)\ : 
y e L'^(M, $), ||2/||q,$ < 1^} is bounded m Sh{^), then x G Lp{M,^) and 
\\x\\p,^ = sup D{x). 

Proof. Let a: 7^ 0, and let x = u\x\ be the polar decomposition of x with the 
unitary u e M. Set yn = \x\P^^En{\x\)Ei{\x\)u*, n = 1,2, . . . It is clear that 

n 

yn E M and 

xyn = u\x\PEn{\x\)Ei{\x\)u* = uEn{\x\)Ei{\x\)\x\PEn{\x\)Ei{\x\)u* > 0. 

n n n 

On the other hand, 

\yn\' = uEn{\x\)Ei{\x\)\x\'P-'En{\x\)Ei{\x\X = 

n n 

uEn{\x\)Ei{\x\)\xf-^En{\x\)Ei{\x\)u*, 

n n 

and therefore < |?/„|'^ = (l^/nR^ = xyn, in particular, \\yn\\q,<i> = ^{xyn)^. 

Since xyn — > u\x\Pu* 7^ 0, we have xyn 7^ for alln > no- Set e„ = 

s{^{xyn) as n > no- Since Sh{^) = Coo{Q{P{^)), there exists a unique 

1 1 

bn G S+{l^)en such that bn^{xyn) = e„. It is clear that bn^i{xyn) = en- 

1 

If Zn = '0"^(e„), an = ijj^^{bn) G S{£!/zn), thcu by theorem KE!(ii), anyn G 
Li{M,(p) and ||an?/n||^,<j, = $«|2/nH = bn^{xyn) = e„ < 1^. Hence, 
|$(a„3:2/n)| = |*^(a^(an2/n))l ^ sup D(x) for all n > no. On the other hand, 

^anxyn) = bl^{xyn) = {bn^{xyn))~^^{xynf'~^ = ^{xyn)^ = 
^{u\x\PEn{\x\)Ei{\x\)u*)p = ^{\x\PEn{\x\)Ei{\x\))p. 

n n 

Since {\x\PEn{\x\)Ei{\x\)) t \x\p, \x\P{En{\x\)Ei{\x\) G M+ and 

n n 

${\x\PEn{\x\)Ei{\x\)) < {sup D{x))P, we have \x\p G L\M,(p) and 

$(|xn = supn>i^{\x\PEn{\x\)Ei{\x\)) |14] . TMs means that x G Lp(M, $) 

n 

and ||x||p^$ < supD(a:). Theorem |3^ implies supD{x) < ||a:||p^$, and therefore 



With the help of Theorem El it is not difficult to show that Lp{M, $) is 
disjointly decomposable LNS over Sh{^) for all p > 1. 

Theorem 3.5. {i) Lp{M,^) is a linear subspace in 5'(M), and \\ ■ \\p,<p is the 
disjointly decomposable Sh{^) -valued norm on Lp{M, $); 

(a) MLP{M,^)M C LP{M,^), and ||ax6||p,$ < ||a||M||6||M||a:||p,$ /or a//a, 6 G 
M, xeLP{M,^); 
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(ill) IfO<x<ye LP{M,<^), X e S'(M), then x G Lp{M,<^) and ||x||p,$ < 

\\y\\p,^- 

Proof, (i) It is clear that Xx G Lp(M,^) and ||Ax||p,$ = |A|||a:||p^$ for all x G 
LP{M, $), A G C. Moreover, ||a:||p,<i> > and ^{\x\p) = \\x\\l $ = if and only if 
x = 0. 

We claim that x + y G Lp{M, $) and ||a: + ?/||p,$ < II^IIp,$ + II?/|Ip,$ ^^ each 
x,y e LP{M,^). By theorem [231 {^ + y)z = xz + yz e L^{M,^) for all 
z G L'^{M, $), in addition 

|$((x + y)z)\ < \^{xz)\ + \^{yz)\. 

If lkll<7,$ ^ 1^) then by theorem |23, 

|$((a: + ?/)z)| < ||a:||p,$+ ||y||p,$. 

Using Theorem [331 again, we obtain x + y ^ Lp{M, $) and ||x + ?/||p,$ < ||x||p^$ + 
||y||p^$. Thus, LP{M,^) is a linear subspace in S{M), and || • ||p^$ is a Sh{^)- 
valued norm on Lp{M, $). 

Let us now show that the norm || • ||p$ is ^-decomposable. It is known |H] 
that, if X G Li(M,$), ||x||i,$ = /i + /2, where /i,/2 G S+{^), /1/2 = 0, 
then, setting Xi = xpi for pi = '4^^^{s{fi))^ i = 1,2, we get x = xi + 2:2 and 

Let ?/ G L^(M, $), ||?/|lp,$ = ^1 + ^2 where ^1,^2 G S+{^), gig2 = 0, i.e. 
\\y%,<^ = ll?/ll^,$ = 5? + 5?- Set q, = r\s{g^)) G P(^) C P(Z(M)) and 
?/i = y(ii- Then ?/f = yPqi and using j4j for x = yP, fi = 9^^ -i = 1, 2 we obtain that 
yPqi + ?/^g2 = ?/^ and \\yqt\\p^<i, = Qt, i = 1,2. Since qiq2 = 0, ^1,^2 G P(Z(M)), 
we have ?/gi +yq2 = y. 

Let now ?/ be an arbitrary element from Lp{M,^) and let y = u\y\ be the 
polar decomposition of 7/ with the unitary w G M. Let |||2/||||5,$ = l|2/||p,$ = /1+/2 
where /i, /2 G S+{l^), /1/2 = 0. It follows from above that for qi = ilj~^{s{ff)) G 
P(j2/), we have \y\ = \y\qi + \y\q2 \\\y\qt\\p^<^ = ft- Consequently, y = u\y\ = 
u\y\qi ^u\y\q2 = yqi + yq2 and \\yq^\\p,^ = |||?/gz|||p,$ = |||2/kz||p,$ = /z, ^ = 1,2. 
Hence, the norm || • ||p$ is ^-decomposable. 

(m) Let -u be a unitary operator in M, x G Lp{M, $). Then l-yx] = {x*v*vx)^ = 
|a;|, and therefore vx G Lp{M, $). Since any operator a G M is a linear combi- 
nation of four unitary operators, we have ax G Lp{M, <I>), due to {i). 

We claim that ||ax||p^$ < ||a||M||3:||p,$ for a G M, x G ^^(M, $). Let v 
be a faithful normal semifinite numerical trace on ^. If for some a G M, 
X G IjP{M, $) the previous inequality is not true, then there are e > 0, 7^ e G 
P(=^), z/(e) < 00 such that 

e||ax|L<i. > e||a|L,/||x|L<i. + ee. 

W WFf^ II 11-"^-* II 11/^7^ 
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By the formula 

r(6) = z/(e$(6)(l^ + $(1) + ^\x\p))-'), b G Ms{^e) 

one defines a faithful normal finite numerical trace on Ms{^e)- If 2; = ^/^^^(e) G 
P(j^), then ^ell-'^) = (l^-e)e$(l) = 0, i.e. s($e) < z. Since $(z-s($e)) = 
^{z{l - s($e)) = e$(l - s($e)) = 0, we get z = s($e)- We consider the LP- 
space LP(Ms{^e),^) associated with the numerical trace r, and let us show 
that xz G LP{Ms{^e):r). Let Xn = En{\x\)\x\. It is clear that < xP^z t \x\Pz, 
moreover 

r«z) = z/(e$«z)(l^ + $(1) + ^\x\P))-^) < u{e) < 00. 

Hence, \xz\p = |x|^z G L^(Ms($e), 't) and ||a:2||^^ = lim ||a;P2;||^^ = 

P' n~>oo P^ 

iy{e${\x\Pz){l^ + ^{l) + ${\x\P))-^). Thus, if a G M then axz G L^(Ms($e), r), 
in addition 

llalUf ||a^'2||p,r > ll«3:2;||J^^ = z/(e$(|aa:2;|^)(l^ + $(1) + $(|a:|^))"^) = 
Ke||ax||^,,)(l^ + $(l) + 8(|xn)-i)> 

z/(e(||a||Af ||x||p,$ + e)^(l^ + <I>(1) + ^\x\p))-^) > \\a\\lj\\xz\\P^^, 

which is not the case. Consequently, ||aa:||p^$ < ||a||A/||a:||p,$. 

If 6 G M, X G LP{M,^), then by Proposition 13.21 and from above, we 
have 6*x* G Lp{M,^). Using Proposition 13^ again, we obtain xb = (6*x*)* G 
LP{M,^) and ||a:6||p,$ = ||6*a:*||p,$ < ||6*||A/||a^*||p,$ = ||&|U/||a^||p,$- 

{ill) Let < x <y G LP(M,i)), x G S{M). It follows from' ([8], §2.4) that 
■y/x = a-y/y where a ^ M with ||a||M < 1. Hence, x = ^/x{^/xy = aya* G 
L^(M, $) ||x||p,$ < ||a||Af||a1|M||?/||p,$ < ||?/||p,$- 

D 

Using the Holder inequality and the (6o)-completeness of the space 
(L^(M, $),|| • 11$) we can estabhsh the (6o)-completeness of the space 

(L^(M,$),||-|U). 

Theorem 3.6. Let $, M,p be the same as in TheoremlKM Then {Lp{M, $), || • 
||p^$) is the Banach-Kantorovich space. 

Proof. First, we assume that =^ is a cr-finite von Neumann algebra. Then there 
exists a faithful normal finite numerical trace u on 3§. The numerical function 
r(a) = z/($(a)(l^ + $(1))~^) is a faithful normal finite trace on M. Moreover, 
the topology t{M) coincides with topology of convergence in measure tr in 

(5(M),r) (IS], §3.5). 
Let {xa}a£A C {LP{M, $), II • ||p^$) be an (6o)-Cauchy net i.e. bj = sup \\xa — 

a,l3>j 

2^^||p,$ i 0. According to the Holder inequahty, for each x G Lp{M,^) we have 
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X G L^{M,^) and ||x||i^$ = $(|a:|l) < ($(l))9||x||p,$. In particular, the set 
{\\xa — 3:/3||i,$}a,/3>7 is boundcd in Sh{^), and sup \\xa — a:/3||i,$ < (^(1))'^ 

for all 7 G ^4. Consequently [1], there exists x G L^(Af, $) such that ||xa — 

2^11 1,$ — > in particular, Xa —^ x and ija = \xa — Xj3\ —^ \x — Xj3\. Since 
the function (p{t) = t^ is continuous on [0,oo), the operator function y i — )■ y^ 

is continuous on (5'+(M),t^) [J^. Hence, < ?/^ —^ \x — X/3p, in addition 
^(?/a) ~ ll^a ~ ^/3|ln$ — ^- Usiug thc of Fatou's theorem jH], we obtain 
\x - xp\P G Li(M,$) and ^{\x - x^Y) < bP. Thus, {x - xp) G Lp{M,^) for 
all /3 > 7 and sup ||a: — a:^||p$ < 6^ ^ 0. This means that x G Lp{M^ $), and 

/3>7 

II _ II Kn 

Now let ^ be an arbitrary von Neumann algebra ( not necessarily cr-finite), 
and let {xa} C Lp{M, $) be a (6o)-Cauchy net. It follows from the above that 

there exists x G L [M, q?) such that \\Xa — a^||i,$ — > 0. In particular Xa — > x. 
Let z/ be a faithful normal semifinite numerical trace on ^, and let {ei}i<^j be the 

family of nonzero mutually orthogonal projections in ^ such that sup e^ = 1^, 

iel 
and v{ei) < oo for all i G /. It is clear that {xas{^ej}}a£A is a (6o)-Cauchy 
net in LP{Ms{^e,), ^e,)- Since the algebra ^Ci is cr-finite, from the above there 

exists Xi G L^(Ms($eJ, $ej such that \\xi — Xas{^e^)\\p,<^e — ^ 0- I^ particular, 

a:ciS(q?eJ — > Xi = a:is(q?ej. On the other hand, convergence Xa — > x implies 

Xas{^e^) — > 3:s($eJ- Thus, xs($ej = Xis{^e,) for all i G /. By Proposition 



3.11 we have x G Lp{M,^) and ||x — Xa\\p,<i>ei = ||a:s($ej ~ Xas{^ei)\\p,^e — ^ 



for alH G / and therefore ||a: — Xq,||p^$ — > 0. D 

Proposition 3.7. // {xa}aeA C L^{M, $) an(i Xa i 0, i/ien ||a:a||p,$ i 0. 

Proof. Let z/ be a faithful normal semifinite numerical trace on .^. If 6 = 
infaei \\xa\\p,'^ 7^ 0, then there are e > 0, 7^ e G P{3S) with z/(e) < 00 
such that e||a:Q,||p,$ > eh > ee for all a ^ A. Put $e(a^) = e$(a:), x G M, 
and T{y) = iy{^{y){l,g§ + $(1) + 8(x^J)"^), ?/ G Ms($e), where ao is a 
fixed element from A. Let us prove that LP{Ms{^e):r) C L^(Ms($e), ^e) and 
||x||^^^ = z/(8(|a:H(l^ + $(l) + $(a;^J)^i) for aU x G LP(Ms($e),r). It is suffi- 
cient to consider the case where x G L^{Ms{^e), t). Set Xn = En{x)xs{^e)- It is 

clear that Xn G (Ms($e))+, a:^ t ^^^ ^^i — ^ 2:^5 ^"^^ therefore x^ — > x^. More- 
over, $(|x^ - x^l) = $(a:PE„(a:)E;J^(a:)) as m < n. Since u{e^{\xP^ - a:^|)(l^ + 

$(1) + ^{xl^))-^) = \\xP^ - xPJli^r = \\xPEn{x)E^{x)\\i^r ^ as 71, m ^ OO, 
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we get ^{\xl - xPj) = e$(K - <|) ^ 0. This means that xP G L\M,^) 
and $«) t ^{xP), i.e. x G L^(Ms($e), $e) ||3^||p,$e = sup„>i($(xP))p. Using 
the inequahty z/($(a:^)(l^ + $(l) + $(a:Pj)"^) = r(xfj < r{xP) we obtain that 
^{xP){l^ + $(1) + S(xP J)-i G Li(=^, z.) and 

z.(8(x^)(l^ + $(1) + $«))-i) = supr«) = t{xP), 

i.e. \\x\\p^r = vi^{xP){\s§ + $(1) + ^«))"')- 

Since {xa} C Lp{M,^), we have that Xas($e) G L^(Ms($e), $e), moreover 
a:as($e) i 0. Let us show that x = Xcc^^si^^^ G L^(Ms($e), r). As above, we 
consider Xn = En{x)x. Since 

< $«)(i^ + $(1) + $K))-^ t $M(i^ + $(1) + Hxpjy < e, 

we get r{xP) < z/(e) < oo. Consequently, x G L^(Ms($e), '?"). The inequahty 
< Xq, < XttQ, for a > ao imphes Xas{^e) £ ^^(^^(^e),''') (see Theorem 
I'S.bi iii)). Since a:Q,s($e) i and the norm || • ||p,- is order continuous, we have 

\\xas{<^e)Lr i 0, i.c. z/(eS(xa (l^ + $(l) + ^K))"') i 0. Hcncc, e^Xa)P i 0, 
which contradicts to the inequahty e$(x^) > e^e. D 

4. Duality for spaces Lp(M, $) 
Let us start with the foUowing property of L^-spaces Lp{M, $). 

Proposition 4.1. If x e Lp{M,^), y G Li{M,^), i + i = 1, 2?,g > 1, i/ien 
x?/, T/x G i^^(M, $) an^f $(a:?/) = ^{yx). 

Proof. Without loss of generality, we can take a: > 0, y > 0. It follows from 
Theorem D that xy G L^{M,^). Hence, yx = y*x* = (xy)* G L^{M,^) 

and ^{yx) = ^{{xyY) = ^{xy). Let Xn = xEn{x), yn = yE^iy). Then 

111 II ^i'"^) r^ II II ^(•^) r^ TT • 

a:„,?/„ G M+ and ||x - a:^||p,$ — > 0, ||?/ - yn\\q,^ — > 0. Usmg the m- 
equalities |$(x?/) - $(x„2/n)| < \^ixy) - ^{xuV)] + l^ixnV) - ^{xnyn)] < 
\\x - Xn\\p,^\\y\\q^(^ + ||x,j||p,$||?/ - 2/n||g,$, wc obtalu ^{x^^yn) — > ^{xy). Since 
^(3:^n2/n) = ^{\/x^iyn'\/x^) > for all n, we get $(a:?/) > 0. Therefore 



(b{xy) = ^{xy) = ^{yx). D 

Let LP{M, $)* be a BKS of ah 5';j(=^)- bounded hnear mappings from Lp{M, $) 
into S{3§), i.e. Sh{^) is the dual space to the BKS Lp{M, $). It is clear that any 
Sh{^)-hounded linear operator T is a continuous mapping from {Lp{M, ^)A\ ' 



\p 



^$) into {S{3S),t{3§)), i.e., if Xq,, x G Lp{M, $), and \\xa — x\\p^,^ —-i 0, then 



J. tAJ f\ T -L rjy t 



NON-COMMUTATIVE Lp-SPACES ASSOCIATED WITH A MAHARAM TRACE 15 

Proposition 4.2. (compare with p.], 5.1.9). Let T G Lp{M,^Y, ^ : S{£/) -^ 
S{^) be a ^-isomorphism from Theorem \2^ii). Then T{ax) = i/j{a)T{x) for 
allae S{^), xe LP{M,^). 

Proof. By theorem 12^m), for each z G P{£/), x G Lp{M, $) we have ||2;a:||p^$ = 

^{z\x\P)p = ij{z)^{\x\P)p = ijj{z)\\x\\p^^. Since T G Lp(M,$)*, \Tx\ < c||a:||p,$ 
for some c G S+{^) and aU x G Lp(M, $). Hence |r(2;a:)| < '0(2;)c||x||p^$, i.e. the 
support s{T{zx)) is majorized by the projection i/j{z). Multiplying the equality 
T{x) = T{zx) + r((l — z)x) by i/j{z), we obtain 

'i/j{z)T{x) = iJj{z)T{zx) = T{zx). 

If a = X^"=i XiZi is a simple element from S{£/), where A^ G C, z^ G Pi-s/), i = 
1, . . . , n, then 



n 



r(ax) = ^ Ajr(zix) = (^Xiij{zi))T{x) = ^{a)T{x). 

i=l i^l 

Let a be an arbitrary element from S{£/) and let {a„} be a sequence of simple 

elements i 
ijj{a), and 



elements from S{s^) such that a^ — ^ a. Then < i{j{\an — a\) —-4 0, i/j{an) - 



WttjiX — ax\\p^^ = $(|(an — a)x\P)p = $(|an — a|^|a:|^)p = i^{\an — a\)\\x\\p^^ —-4 0. 
Since T is continuous, ilj{an)T{x) = T(anx) — -> T(ax). Due to the convergence 



i{j{an)T{x) — -> ilj{a)T{x), the proof is complete. D 

Now we pass to description of the Sh{^)-dual space IjP{M, $)*. 

Theorem 4.3. Lei $ 6e an S{^) -valued Maharam trace on the von Neumann 
algebra M, p,q > 1, - + - = 1. 

{i) If y ^ L'^{M,^), then the linear mapping Ty{x) = ^{xy), x G Lp{M,^), 
is S{^)-bounded and \\Ty\\ = ||2/||g,$. 
{ii) If T E LP{M,^y, then there exists a unique y G L'^{M,^) such that 



T = Ty. 

Proof, (i) By the Holder inequality (theorem 13^), xy G L^{M,^) for all x G 
LP{M,^) and \Ty{x)\ = \^{xy)\ < \\y\\q,^\\x\\p^^. Hence, Ty is Sh{^)-hounded 
linear mapping from Lp{M, $) into S{^). Due to Proposition 14. II and Theorem 
13.41 we have 

llTj^ll = sup{\^{yx)\ : x G LP{M, $), \\x\\p^^ < 1^} = \\y\\q,<i>. 
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(ii) Since s($(l)) = 1^, we can define the element b = ($(1))"^ G S+{j^). If 

(^^(x) = 6$(x), X eM, tlien Lp{M, $i) = Lp{M, $) and ||x||p,$i = bp\\x\\p^^ for 
all X G LP{M, $). Therefore, one can take $(1) = 1^. 

Let T G L^(M,$)*. We choose a G 5'+(^) with a||r|| = s(||r||). Set 
Ti{x) = aT{x), X G LP{M,^). It is clear that Ti G LP{M,^y and ||ri|| = 
a||T|| = s(||r||) < 1^. If we show that there exists yi G L'^{M,^) such 
that Tix = ^{xyi), then by virtue of Proposition 14.21 Tx = ||r||ri(a:?/i) = 
T{x{iJj-W\T\\)yi)) = T{xy) where y = ij'W\T\\)yi G L'^(M,$). Thus, one can 
also take that ||r|| < 1^. 

At first, we assume that the algebra ^ is cr-finite. Let z/ be a faithful normal 
finite numerical trace on ^. Since |$(a;)| < ||a;||A/$(l) < H^UmI^, a: G M, we 
get ^{x) G L^{3§,iy). Consider on M the faithful normal finite trace t{x) = 
z/($(a:)), X ^ M. Using the same trick as in the proof of Proposition 13/71 we 
can show that Lp{M,t) C Lp{M,^) and t{\x\p) = ||x||^^^ = v{^{\x\p)) for all 

X G Lp{M,t). Since \T{x)\ < ||x||p,$ = {^{\x\p))p, we have T{x) G Li(^,z/) for 
allxG LP(M,r). 

We define on LP{M,r) the hnear C- valued functional f{x) = v{Tx), x G 
Lp{M,t). Since \f{x)\ < v{\T{x)\) < v{^\x\P)h^) < (z/($(|xn))^(z/(l^))^ = 
(z/(l^))9 ||a;||p^T- for all x G LP{M^r), we have that / is a bounded linear func- 
tional on {LP{M,r), \\ ■ ||p,r)- Hence there exists an operator y G L'^{M,r) C 
Li{M,^) such that f{x) = r{xy) for all x G Lp{M,t) [llj. We claim that 



r{xy) = iy{^{xy)) for all x G Lp{M,t). Let us remind that r(|z|^) = z/($(|zp)) 
for all z G Lp{M,t). If z G L^(M,r), then z^ G LI{M,t), and therefore 
r(2;) = z/($(2;). Hence, r(2;) = iy{^{z)) for all 2; G L^{M,t), in particular, 
r(xy) = ^{^{xy)) where x G Lp{M,t). Thus, v{T{x)) = /(x) = T{xy) = 
z/($(x?/)) for all X G Lp{M,t). 

ljetT{x) — (b{xy) = z;|r(a:) — $(a:?/)| be the polar decomposition of the element 
(r(a;) - S(a;y)) G S{^) and take a = '(/;~^(v*). Since 

= iy{T{ax) - ^{axy)) = v{v*{T{x) - ^{xy))) = v{\T{x) - ^{xy)\), 

we have T[x) = ^{xy) for all x G Lp{M,t). 



Let a: G L^(M, $),a:„ = xE^ix). Then ||x,i — 3:||p^$ —4 and therefore 

T{xn) — ^ r(a:) and \^{xny)-^ixy)\ < \\xn-x\\p^,^\\y\\q^,^ —4 0. Since r(a:n) = 
^Xny),T{x) = ^xy),i.e. T = Ty. 

If z is another element from L'^{M^ $) with r(a:) = ^{xz)^ x G Lp{M, $), then 
<I>(a:(?/ — z)) = for all x G Lp{M,^). Taking x = u* where u is the unitary 
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operator from the polar decomposition y — z = u\y — z\, we obtain $(|?/ — z|) = 0, 
i.e. y = z. 

Now let ^ be a general (not necessarily a cr-finite) von Neumann algebra. 
Let z/ be a faithful normal semifinite numerical trace on ^, and let {ei}i^j be a 
family of nonzero mutually orthogonal projections in 3§ with sup e^ = 1^ and 

v{ei) < oo for all z G /. It is clear that ^Ci is a cr-finite algebra and ^e^{x) = 
ei^{x) is 5 (c^ej) -valued Maharam trace on Ms{^e,)- Since T G L^(M, $)*, 
Ti{x) = eiT{x) is 5/1 (=^6^) -bounded hnear mapping onto L^(Ms($eJ, ^e^)- By 
virtue of what we proved above, there exists the unique yi G L^{Ms{^e,), ^e^), 
such that 

for aU X G LP{M,^), i G /. Moreover, \\yi\\q,^ = \\T^\\ = \\T\\e^. Since 
sups($ej = 1, {s($ej}ze/ C P{Z{M) and s($ejs($e,) = as z 7^ J, there ex- 

ists a unique y G 5'(M) such that ?/s($e,;) = ?/i- We have ei^dT/l"^) = ^dT/il"^) = 
WTW^ei for all i G /. Hence, y G L'^(M, $) ||2/||g,$ = ||r|| (see Proposition O)- 
In addition 

e,$(x7/) = C(a^s($ej2/z) = e,r(xs($ej) = e^r(x), 

for all i G /, i.e. ry(x) = ^{xy) = T{x), x G Lp{M, $). D 

Corollary 4.4. T/ie BKS Lp{M, $)* zs isometric to the space {Li{M, $), |H|q,<i>). 
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